We study the stability of the two-neutrino vacuum oscillation solution of the solar neutrino problem with respect to changes of the total fluxes of 8 B and 7 Be neutrinos, Φ B and Φ Be . 
implications of the new solutions for the future solar neutrino experiments are discussed. The data rule out at 97% -98% (99 %) C.L. the possibility of a universal (neutrino energy independent) suppression of the different components of the solar neutrino flux, resulting from solar ν e oscillations or transitions into active (sterile) neutrino.
INTRODUCTION
In the present paper we investigate the stability of the vacuum oscillation [1] [2] [3] [4] solution of the solar neutrino problem [5, 6] with respect to variations of the total fluxes of the solar 8 
B and
7 Be neutrinos. Recent studies have indicated that the current solar model predictions [7] [8] [9] [10] [11] [12] for the 8 B neutrino flux, Φ B , vary from model to model with rather large uncertainties [12, 13] . The results for Φ B derived in all solar models presently discussed in the literature except that of ref. [12] , lie in the interval (4.43−6.62)×10 6 ν e /cm 2 /sec, while the prediction of the "low" flux model of ref. [12] , Φ B = 2.77×10 6 ν e /cm 2 /sec, differs from those of the "high"
flux models of refs. [7] and [11] approximately by the factors 2.0 and 2.4. The predictions [7] [8] [9] [10] [11] [12] for the total flux of 7 Be neutrinos, Φ Be , vary by ∼20%, from Φ Be = 4.34 × 10 9 ν e /cm 2 /sec in ref. [8] to Φ Be = 5.18 × 10 9 ν e /cm 2 /sec in refs. [11] . At the same time none of the solar models developed to date provides a satisfactory description of the existing solar neutrino data [5, [14] [15] [16] . In particular, the upper limits on the value of the 7 Be neutrino flux, which can be inferred from the data, are considerably lower than the values predicted by the models, as first noticed in ref. [17] and confirmed in several subsequent more detailed studies [18] utilizing different methods. The above result follows not only from joint analyses of the data from all solar neutrino experiments, Homestake [5] , Kamiokande [14] , GALLEX [15] and SAGE [16] , but also from the Homestake and Kamiokande, or from the Kamiokande and SAGE and/or GALLEX data. Since the recent calibration of the GALLEX detector [19] leaves little room for doubts about the correctness of the GALLEX results, both the data from the Davis et al. and Kamiokande experiments have to be incorrect in order for the indicated conclusion to be not valid. The discrepancy between the value of Φ Be suggested by the analyses of the available solar neutrino data and the solar model predictions for Φ Be represents a major new aspect of the solar neutrino problem. No astrophysical and/or nuclear physics explanation of this discrepancy has been proposed so far.
Assuming that the 7 Be neutrino flux has a value in the interval 0.7Φ we determine in the present study the range of values of the 8 B neutrino flux, for which the results of the solar neutrino experiments can be described in terms of two-neutrino vacuum oscillations of the solar neutrinos into an active ν e ↔ ν µ(τ ) , or sterile ν e ↔ ν s , neutrino.
Similar analyses for the MSW solution [20] with solar ν e transitions into an active neutrino, ν e → ν µ(τ ) , were performed in refs. [21, 22] . Results for the case of solar ν e ↔ ν µ(τ ) oscillations were obtained in ref. [23] for Φ Be = 0.8Φ We have also performed a study which shows that the data do not favour the hypothesis of neutrino energy independent suppression of the solar neutrino flux: it is excluded, depending on the value of Φ Be from the interval (0.7 − 1.3)Φ BP Be , at (97% -98%) C.L. when the suppression is due to ν e → ν µ(τ ) (ν e ↔ ν µ(τ ) ) or ν e →ν µ(τ ) transitions (oscillations), and at (99.0% -99.7%) C.L. if it results from ν e → ν s (ν e ↔ ν s ) transitions (oscillations).
The vacuum oscillation solution at ∆m 2 ∼ > 4.4 × 10 −11 eV 2 imply a non-negligible suppression of the pp ν e flux (approximately by a factor (0.50 -0.70)), and a not very strong suppression of the 0.862 MeV 7 Be ν e flux, the relevant suppression factor ranging from ap- 
R GALLEX (Ge) = (77.1 ± 9.9) SNU,
R SAGE (Ge) = (69 ± 13) SNU,
whereR(Ar), andR GALLEX (Ge) andR SAGE (Ge), are respectively the average rates of 37 Ar and 71 Ge production by solar neutrinos observed in the experiments of Davis et al. [5] , and GALLEX [15] and SAGE [16] , andΦ exp B
is the flux of 8 B neutrinos measured by the Kamiokande collaborations [14] . In eqs.
(1) -(4) the quoted errors represent the added in quadratures statistical (1 s.d.) and systematical errors.
THE 8 B AND 7 Be NEUTRINO FLUXES
It is convenient to introduce the parameters
in terms of which we shall describe the possible deviations of Φ B and Φ Be from their values in the reference model [7] . The fluxes Φ B and Φ Be in the models [7, 8, 11, 12] (due to vacuum oscillations ν e ↔ ν µ(τ ) or MSW transitions ν e → ν µ(τ ) ), orν µ(τ ) (due to spin-flavour conversion ν e →ν µ(τ ) ) on their way to the Earth, has the form 1 :
where n(E) is the normalized to 1 spectrum of 8 B neutrinos,
is the ν e − e − elastic scattering cross-section for 8 B neutrinos with energy E, in which the recoil e − detection efficiency and energy resolution functions of the Kamiokande detector are included, P(E) is the probability of survival of the 8 B ν e having energy E ((1 -P(E)) is the probability of the ν e → ν µ(τ ) transition due to vacuum oscillations or the MSW effect, or of the ν e →ν µ(τ ) conversion), and we have used the fact that σ ν µ(τ ) e (E)/σ νee (E) ∼ = σν µ(τ ) e (E)/σ νee (E) ∼ = 0.16 in the energy range of interest, σ ν l e (E) and σν l e (E), l=e,µ, τ , being the ν l − e − andν l − e − elastic scattering cross-sections. In the case of ν e ↔ ν s oscillations or ν e → ν s transitions the term with the coefficient 0.16 is absent from the expression in the right hand side of eq.
(6).
Given R(K), Φ BP B , n(E) and σ K (E), the minimal allowed value of f B , as it follows from (6) , is determined by the maximal possible value of [P(E) + 0.16 (1 -P(E))], which is 1 and is reached when P(E) = 1. Thus, we have f B ≥ R(K)/R BP (K) = (0.51 ± 0.07), where R BP (K) is the event rate predicted in the BP model [7] , and we have used the Kamiokande 1 In the numerical calculations we have performed we have included the Kamiokande energy resolution and trigger efficiency functions in the expression under the integral in eq. (6) . 
It is trivial to convince oneself that the above lower limit on f B holds also in the case of solar ν e two-neutrino oscillations (transitions) into sterile neutrino ν s , as well as for oscillations (transitions) involving more than two neutrinos (sterile and/or active). The limit (7) is universal: it does not depend on the type of possible oscillations (transitions), and on the specific mechanism responsible for them.
Similarly, the maximal allowed value of f B by the Kamiokande data corresponds to min
which gives at 99.73% (95%) C.L.
Inequality (8) is universal for two-neutrino solar ν e oscillations or transitions into an active neutrino ν µ(τ ) orν µ(τ ) .
Contrary to the lower limit (7), the upper limit (8) is not valid for two-neutrino ν e ↔ ν s (ν e → ν s ) oscillations (transitions) or ν e oscillations (transitions) involving more than two neutrinos. In the first case, for instance, the maximal value of f B would correspond to the min P(E), and the use of the general property of the probability P(E), min P(E) = 0, does not allow one to derive a useful upper limit on f B from the Kamiokande data.
In our study of the stability of the results on the vacuum oscillation solutions with respect to Φ B and Φ Be variations the following approach is adopted. The fluxes of the pp, pep and the CNO neutrinos (see, e.g., refs. [6] ) are kept fixed and their values were taken from ref. [7] . The fluxes of the 8 B and 7 Be neutrinos, and correspondingly, f B and f Be , are treated as fixed parameters, which, however, are allowed to take any values within certain intervals. In the case of Φ Be the interval chosen corresponds to
It is somewhat wider than the interval formed by the current solar model predictions: 0.89 -1.06. For Φ B values in the intervals determined by the inequalities (7) and (8) were considered. The searches for a ν e ↔ ν s oscillation solution were preformed for 0.3 ≤ f B ≤ 4.0.
The indicated approach was motivated by the fact that the contributions of the CNO neutrinos to the signals in all three types of detectors [5, [14] [15] [16] are predicted to be relatively small [6] [7] [8] [9] [10] [11] [12] , and that (apart from the CNO neutrinos) the spreads in the predictions for the fluxes Φ B and Φ Be are the largest. Some of the values of Φ Be used in the analyses, as those corresponding to f Be = 0.7 and 1.3, for example, are incompatible with the constraint on the solar neutrino fluxes which the data on the solar luminosity impose (see, e.g., refs.
[27,28]):
where 
R(Ge) = (70.8 pp + 3.1 pep + 35.8f Be + 13.8f B + 7.9 CNO ) SNU,
where 6.20f B SNU is the contribution in R(Ar) due to the 8 B neutrinos, etc.
We have used the χ 2 −method in our analysis. In computing the χ 2 for a given pair of values of the parameters ∆m 2 and sin 2 2θ we have ignored the estimated uncertainties in the reference model predictions [7] for the solar neutrino fluxes as the ranges within which we have varied Φ B and Φ Be exceed by far the uncertainties. We did, however, take into account the uncertainties in the detection cross-sections for the detectors [5, [14] [15] [16] .
THE VACUUM OSCILLATION SOLUTIONS
3.1 The Case of ν e ↔ ν µ(τ ) Oscillations
Allowed Regions of the Parameters
Searching for vacuum ν e ↔ ν µ(τ ) and ν e ↔ ν s oscillation solutions we have scanned the region 10 −12 eV 2 ≤ ∆m 2 ≤ 10 −9 eV 2 and 10 −2 ≤ sin 2 2θ ≤ 1.0. It was found that at 95%
C.L. and for 0.7 ≤ f Be ≤ 1.3 the two-neutrino ν e ↔ ν µ(τ ) oscillations of the solar ν e allow one to describe the data (1) - (4) for rather large intervals of values of f B . These intervals depend somewhat on the value of f Be . Below we give the solution intervals for f B (at 95% C.L.) in the three representative cases of f Be = 0.7; 1.0; 1.3:
The allowed regions of values of ∆m 2 and sin 2 2θ corresponding to the solutions (13a), (13b) and ( 
(B) for any value of f Be from the interval (9) (for f Be = 0.7) and 0.45 (0.42) ∼ < f B ∼ < 0.65 (0.66), and for ∆m 2 and sin 2 2θ having values within the intervals
Both solutions (A) and (B) are stable with respect to changes of f Be 3 . Nevertheless the regions of values of ∆m 2 and sin 2 2θ of these solutions vary somewhat with f Be : eqs. (14) and (15) represent the largest intervals and correspond practically to f Be ∼ = 0.7.
Let us discuss the above results. The probability that a solar electron neutrino with energy E will not change into ν µ(τ ) (or ν s ) on its way to the Earth when ν e ↔ ν µ(τ ) (ν e ↔ ν s ) oscillations take place, can be written in the form:
where L v = 4πE/∆m 2 is the oscillation length in vacuum,
is the Sun-Earth distance at time t of the year (T = 365 days), R 0 = 1.4966×10 8 km and ǫ = 0.0167 being the mean Sun-Earth distance and the ellipticity of the Earth orbit around the Sun. The term with the ǫ factor in eq. (17), as is well known [2] [3] [4] 25] , is a source of seasonal 2 For f Be ∼ = 0.7 there are also new solutions in the region 10 −10 eV 2 < ∆m 2 < 10 −9 eV 2 and 0.62 ∼ < sin 2 2θ ∼ < 0.80, representing three very narrow strips (almost lines) of allowed values of ∆m 2 and sin 2 2θ in the ∆m 2 − sin 2 2θ plane (see Fig. 1a ). However, these solutions are not stable with respect to variations of f Be and disappear when f Be is slightly increased (they do not exist for f Be = 1.0, for example). We shall not discuss them further. 3 The possibility of a "low" 8 B neutrino flux solution for f Be = 1.0 at ∆m 2 = 6.0 × 10 −12 eV 2 and sin 2 2θ = 0.8 was suggested on the basis of qualitative arguments in ref. [29] . Our results show that at 95% C.L. the indicated point in the relevant parameter space is marginally excluded by the current solar neutrino data .
variation effects in the case of the vacuum oscillation solution of the solar neutrino problem 4 .
Since we are dealing in the analysis of interest with experimental results averaged over at least few complete years of measurements, the relevant probability is actually the probability (16) averaged over a period of 1 year,P osc (E; R 0 , ǫ). If 2πR 0 /L v ∼ < 2.5π,P osc (E; R 0 , ǫ) practically coincides with the probability (16) in which the parameter ǫ is formally set to zero, i.e., with P osc (E; R 0 ) (see Figs. 2a and 2b ). This implies that for the values of ∆m 2 ∼ < 10 −10 eV 2 of interest one hasP osc (E; R 0 , ǫ) ∼ = P osc (E; R 0 ) for all neutrinos with energy E ∼ > 3 MeV, i.e.,
for the dominant fraction of the 8 B neutrino flux. If, however, 2πR 0 /L v >> 2.5π, the effect of the averaging can be quite dramatic for the oscillation's amplitude 5 and (for a given The maximal value of f B , max f B ∼ = 3.4, for which the ν e ↔ ν µ(τ ) oscillations provide a description of the solar neutrino data is determined primarily by the Kamiokande result (2) (as its independence on f Be indicates) and by the specific dependence of P osc (E; R 0 ) (see eq. (16)), on the solar neutrino energy E. It can be understood qualitatively by considering the constraints the Kamiokande data imply in this particular case. For any fixed ∆m 2 ∼ < 10 −10 eV 2 , the probability P osc (E; R 0 ) has at most one minimum in the interval of Barger et al. quoted in ref. [3] ). The solutions we have found in the same ∆m 2 region for f Be = 1 and f B = 1 lead to generically similar implications and we shall not consider them here.
Of the two new solutions (A), eq. (14), and (B), eq. (15), solution (A) is more interesting phenomenologically, has a lower χ 2 −value, and therefore we shall discuss only it, 6 In contrast, min χ 2 = 0.25 in the case of the MSW small mixing-angle ν e → ν µ(τ ) solution.
although rather briefly. For the values of ∆m 2 from the interval given in (14) one has: i) [21] or ν e → ν s [26] transition nonadiabatic solution. However, some of the physical implications of the two solutions differ considerably.
In particular, i) the predicted distortion of the spectrum of the pp neutrinos is much stronger in the case of the vacuum oscillation solution (A) 8 (Fig. 3a) than for the corresponding MSW nonadiabatic solution, and ii) if solution (A) is valid, the 7 Be and pp electron neutrino fluxes at the Earth surface will exhibit seasonal variations which cannot take place in the case of the MSW solutions (see ref. [32] and the first article quoted in ref. [24] ). In what follows we shall discuss briefly the seasonal variation effects predicted in the case of solution (A).
For ∆m 2 ≤ 6.5 × 10 −12 eV 2 and E ≥ 0.233 MeV (0.217 MeV) one has: 2πǫR 0 /L v ≤ 7 One can explain the minimal (maximal) value of f B for which solution (A) exists, the reason for the difference between the maximal allowed values of ∆m 2 (and the values themselfs) for a given f Be in the cases f B = 0.35 and f B = 0.38 etc., in a similar way we did it earlier, e.g., for the maximal value of f B allowed by the data and the corresponding values of ∆m 2 .
8 It is also very different from the distortion of the pp neutrino spectrum in the case of the solutions with 4.4 × 10 −11 eV 2 ∼ < ∆m 2 ∼ < 10 −10 eV 2 (see the third article quoted in ref. [2] ). 0.18 (0.19) << 1. Thus, in the case of solution (A) the probability P osc (E; R(t)), eq. (16), can be represented as a power series in the small parameter (2πǫ(R 0 /L v ) cos 2π(t/T )). Neglecting all the terms smaller than 10 −3 in this series we obtain:
where the term
is responsible for the seasonal variation effects of interest. Obviously, for fixed values of the parameters ∆m 2 and sin 2 2θ, the difference between the values of P seas (E; R 0 , ǫ, t) in December/January (t ∼ = 0) and June/July (t ∼ = 0.5T) is the largest. and it follows from eqs. (18) and (19) that the seasonal variation effect in the signal of the Super-Kamiokande (SNO) detector will be too small to be observable. The effect can be much larger for the signals due to the 7 Be and/or pp neutrinos in the Ga-Ge, BOREXINO [33] and HELLAZ [34] detectors.
In the case of solution (A) one has for the predicted average rate of Ge production per year in the Ga-Ge experiments for f Be = 0.7; 1.0; 1.3:R(Ge) ∼ < 80; 84; 88 SNU. The difference between the rates of Ge production in December/January (t ∼ = 0) and June/July (t ∼ = 0.5T), ∆R seas (Ge), due to i) the term (19) in the vacuum oscillation probability (18), and ii) the change of the neutrino fluxes with the change of the Sun-Earth distance due to the standard geometrical effect, as can be shown, satisfies: 4.0 SNU ∼ < ∆R seas (Ge) ∼ < 8.7 (8.1) SNU, the maximal value corresponding to f Be = 1.3 (0.7). A convenient relative measure of the predicted seasonal effect is the seasonal (December/January -June/July) asymmetry:
where R(Ge; t) [R 0 /R(t)] 2 is the rate of Ge production at time t of the year and R(t) is given by eq. (17) . For solution (A) we have: 0.072 ∼ < A seas (Ge) ∼ < 0.13, the contribution due purely to the geometrical factor R −2 (t) being 4ǫ = 0.0668. For given ∆m 2 and sin 2 2θ the change of A seas (Ge) with the change of f Be is negligibly small.
The corresponding seasonal (December/January -June/July) asymmetry in the signal due to the 7 Be (0.862 MeV) neutrinos in the BOREXINO detector is given (up to corrections
where 0.0668 is the asymmetry in the absence of oscillations, and we have used the fact that The HELLAZ experiment [34] is envisaged to detect pp neutrinos having energy E ≥ 0.217 MeV and to measure their spectrum. The experiment will be based on the ν − e − elastic scattering reaction. Since the energy of the incident pp neutrino in each event will be reconstructed, one can define a seasonal asymmetry in the signal of HELLAZ, generated by neutrinos having energy within a given interval
The expression for A seas (H; E 1 , E 2 ) can be obtained formally from eq. (20) by replacing R(Ge; t) andR(Ge) with the corresponding quantitiesevent rate at time t of the year, R(H; E 1 , E 2 , t), and mean event rate per year,R(H; E 1 , E 2 ), for HELLAZ. In the case of the solution with 4.4 × 10 −11 eV 2 ∼ < ∆m 2 ∼ < 10 −10 eV 2 the seasonal asymmetry in the signals of the Ga-Ge, Super-Kamiokande (SNO) and BOREXINO detectors due purely to the ν e ↔ ν µ(τ ) oscillations can be as large as 30%, 14% and 80%, respectively, and is predicted to be negligible for the energy integrated signal of the HELLAZ detector [2, 25] . 
Oscillations into
and values of ∆m 2 and sin 2 2θ in the intervals
This solution is stable with respect to variations of f Be within the interval (9) . Obviously, it is a ν e ↔ ν s oscillation analog of the ν e ↔ ν µ(τ ) oscillation solution (A) (compare eqs. 
and can be as large as 42%: one has 0.18 ∼ < A 
ENERGY INDEPENDENT SUPPRESSION OF THE SOLAR NEUTRINO FLUX
The possibility of universal (energy independent) suppression of the pp, 7 Be, pep, In general one has to consider two possibilities: transitions (or oscillations) into active neutrino, ν e → ν µ(τ ) or ν e →ν µ(τ ) , and into sterile neutrino ν e → ν s . From the point of view of the analysis of the solar neutrino data currently available, there is no difference between the cases of ν e → ν µ(τ ) and ν e →ν µ(τ ) transitions (or oscillations). This follows from the fact that for E ∼ > 7.5 MeV the cross-sections σ ν µ(τ ) e (E) and σν µ(τ ) e (E) practically coincide.
We have investigated the possibility that the solar neutrino deficit is due to a suppression of the different components of the solar neutrino flux by one and the same energy independent factor R resulting from ν e → ν µ(τ ) (ν e ↔ ν µ(τ ) ) or ν e →ν µ(τ ) , or from ν e → ν s (ν e ↔ ν s ) transitions (oscillations). There are two parameters in the corresponding χ 2 -analysis: R and f B . They were varied within the intervals: (0.0 -1.0) and (0.0 -5.0), respectively. The parameter f Be was assumed to have a fixed value within the interval (9).
Our analysis showed that for f Be = 0.7; 1.0; 1.3 a neutrino energy independent suppression of the solar neutrino flux resulting from ν e → ν µ(τ ) (ν e ↔ ν µ(τ ) ) or ν e →ν µ(τ ) transitions 
CONCLUSIONS
We have shown that the ν e ↔ ν µ(τ ) vacuum oscillation solution of the solar neutrino problem is stable with respect to changes in the predictions for the fluxes of Figs. 2a -2b. The vacuum oscillation probability for the mean distance between the Sun and the Earth, P osc (E; R 0 ) (a), and the probability (16) averaged over a period of 1 year,P osc (E; R 0 , ǫ) (b), as function of the neutrino energy E for ∆m 2 = 10 −10 eV 2 and sin 2 2θ = 0.8.
Figs. 3a -3b. The deformation of the normalized to one spectrum of pp neutrinos in the cases of a) ν e ↔ ν µ(τ ) and b) ν e ↔ ν s oscillation solutions (14) and (23) 
